Rational homotopy of symmetric products and Spaces of
finite subsets
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ABSTRACT. We describe Sullivan models of the symmetric products of spaces
and of some symmetric fat diagonals. From the determination of models of
some spaces of finite subsets, we verify a Tuffley’s conjecture in low ranges for
rational spaces. Extending a theorem of Handel, we prove also the triviality of
the inclusion of a space X in the space of (n + 2)-th finite subsets of X, when
X is of Lusternik-Schnirelmann category less than or equal to n.

The properties of configuration spaces of a space X have deserved many studies
where the use of algebraic models was limited by the fact that the homotopy type of
configuration spaces of points in X is not a homotopy invariant of X. The spaces of
finite subsets, exp™ X, of a space X are a substitute of configuration spaces where
this anomaly does not exist any more, see [14]. They are related to configuration
spaces by the fact that the cofiber of the canonical inclusion exp” ! X — exp™ X
is the one point compactification of the configuration space of unordered n-uples of
distinct points of a compact space X, see [14, Proposition 2.3].

Recall that the n-th finite subsets space, exp™ X, of a topological (non-empty)
space X is the space of non-empty subsets of size at most n, topologised as the
quotient of X™ by the surjective map X" — exp” X, (21,...,&,) — {1} U---U
{z,}. The introduction of the spaces of finite subsets of a space is due to K. Borsuk
and S. Ulam [3], [2]. Their study was continued by R. Bott [4] and more recently
by D. Handel [14], R. Biro [1], C. Tuffley [26], [27], [28], J. Mostovoy [19], [20],
S. Rose [22], S. Kallel and D. Sjerve [16], [17]. As X — exp™ X are homotopy
functors, the elaboration of rational models for them is an open challenge and we
develop here the first steps in this direction.

First, we quote a non rational result inspired by a theorem of Handel. If X
is pointed, we denote by exp} X the subspace of exp™ X formed from the subsets
that contain the basepoint and by i : X — expl! X the map that adjoins the
basepoint to each subset. This space expl X is often used as a first step in the
study of exp™ X . For any arc-connected pointed space (X, *), Handel shows in ([14,
Theorem 4.1 et Theorem 4.2]) that the two maps 7;(exp” X) — m;(exp?"~! X)) and
mj(exp™ X) — mj(exp?”*! X), induced by the inclusion, are the zero map. From
these results, Handel deduces that the space exp™® X = Up>i1exp™ X is weakly
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contractible. In this paper, we show that the triviality is also at the level of some
inclusions between finite subset spaces.

THEOREM 1. If the Lusternik-Schnirelmann category of a pointed CW-complex
(X, %) is less than or equal to n, the following inclusions are homotopically trivial.
(1) %2 X — expit? X,
(2) X — exp"t?2 X,
(3) expl*!
The rest of the paper is concerned with Sullivan models for which we refer to
[9], [10] or [25]. As exp™ X can be inductively built from the symmetric product
Sp" X and its fat diagonal A's X (see Definition 3.1 and the pushout 4.2), we begin
by a study of models of those spaces. First, we recall some known basic facts for
the models of spaces with an action of a finite group. We apply it to symmetric
products and prove the next result.

X — expin—‘_l)k"_1 X.

THEOREM 2. Let (A,d) be a connected model of a connected space X. Then
the cdga N (A, d) is a model of Sp™ X, with a multiplicative law on A" A given by

(a1 A Aan) s (LA Abp) = Y F(ar @ bo()) A=+ A(an ® b)),
oceS,,
where o is the multiplicative law of A, S, is the symmetric group and + means the
Koszul sign.

From this model, we deduce the (additive) rational cohomology of the symmet-
ric product described by D. Zagier in [30]. For instance, we get a short proof for
the determination of the Poincaré polynomial of Sp™ X in terms of the Betti num-
bers of X, previously obtained by I.G. MacDonald in [18]. We give a description
of the rational homotopy type of Sp™ XX and compute a model of Sp? CP?, see
Proposition 2.5 and Example 2.6. We get also an inductive construction of the fat
diagonals A% X (see Proposition 3.2) which allows the determination of A% §2F+1
for any n. This works ends with the determination of the rational homotopy type
of exp? £X and exp?£X. An important conjecture of the theory, due to Tuffley
([28]), states as follows.

TUFFLEY’S CONJECTURE. If X is an r-connected CW-complex, the space
exp” X is (n+r — 2)-connected.

In fact, Tuffley proves that exp™ X is (n — 2)-connected if X is connected and
(n — 1)-connected if X is simply connected. He shows also that it is sufficient to
prove the conjecture for a wedge of spheres ([29, Theorem 2]). From that obser-
vation and from our results, we deduce that the Tuffley’s conjecture is true for the
rationalisation of exp® X and exp* X. Tuffley’s conjecture has also been verified for
n = 3 in recent work of S. Kallel and D. Sjerve, [17].

Our program is carried out in Sections 1-6 below, whose headings are self-
explanatory.

CONTENTS
1. Algebraic models of G-spaces with G a finite group 3
2. Symmetric products and Proof of Theorem 2 4
3.

Fat diagonal of the symmetric product 7



SYMMETRIC PRODUCTS AND SPACES OF FINITE SUBSETS 3

4. Finite subsets spaces and Proof of Theorem 1 10
5. Rational homotopy of n-th finite subsets spaces for n = 3 12
6. Rational homotopy of n-th finite subsets spaces for n = 4 14
References 15

1. Algebraic models of G-spaces with G a finite group

In this section, we recall some basic facts on Sullivan models of spaces on which
acts a finite group G.
By definition, a G-dga is a differential graded algebra (A, d ), with H°(A,d) =
Q, on which G acts by dga maps. If the algebra A is commutative graded, we use
the expression G-cdga. The invariant subspace (A4,d4)% of a G-dga defines a sub-
dga of (A,da) and if f: (A,da) — (B,dp) is a G-equivariant quasi-isomorphism,
we have the following well-known properties (see [11, Section 1] for instance):
o f¢:(A,da)¥ — (B,dp)® is also a quasi-isomorphism,
o H((A,da)%) = (H(A,da))C.
If V is a graded Q-vector space, we denote by T'(V') the free associative graded
algebra on V and by AV the free commutative graded algebra on V. Any G-cdga,
(A,d4), admits a minimal model

w: (AV,d) — (A,d4a)

with an action of G on (AV,d) making the map ¢ G-equivariant, see [13]. This
model is unique up to G-isomorphisms and we call it the minimal G-model of
(A,d4). More generally, a G-model of (A,ds) is any G-cdga having the same
minimal G-model as (A4, d4).

We apply these algebraic data to spaces with a G-action. Let X be a simplicial
complex with a (simplicial) action of G. Recall from G. Bredon ([5, Page 115])
that the action is regular if, for any go,...,g, in G and simplices (vo,..., ),
(govo, - - -, gnvn) of X, there exists an element g € G such that gv; = g;v; for all
i. By [5, Proposition 1.1, Page 116], the induced action on the second barycentric
subdivision is always regular. Here, by a G-space, we mean a connected simplicial
complex on which G acts regularly.

Denote by C(X) the oriented chain complex of a G-space X and observe that
C(X) is a module over the group ring Z[G] of G. The canonical simplicial map
p: X — X/G induces p,: C(X) — C(X/G). Define now o: C(X) — C(X),
cr deG gc. One has Ker o = Ker p,. Therefore o induces &

C(X)—2—C(X)
p*l /
C(X/G)
such that @ o p, = 0. Bredon proves the next result.

PROPOSITION 1.1 ([5, Page 120]). Let Ik be a field of characteristic that does
not divide the order of G and let X be a G-space. Then there are isomorphisms

Cu(X/G; k) = C.(X; k) /G and C*(X/G; k) = C*(X; Ik)“ .
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When X is a G-space, the (finite) group G acts on the Sullivan algebra of
PL-forms on X, Apr(X), [24]. As in Proposition 1.1, the cdga’s Apr(X/G) and
Apr(X)€ are isomorphic and this isomorphism gives models of the quotient X/G
from G-models of X, see [11, Proposition 7].

PROPOSITION 1.2. Let (A,da) be a G-model of the G-space X, then the cdga
(A,dA)C is a model of X/G.

2. Symmetric products and Proof of Theorem 2
In this section, we describe Sullivan models of symmetric products of a space.

DEFINITION 2.1. Let X be a space. The symmetric product, Sp"™ X, is the
quotient of the product X™ by the action of the symmetric group S,

0'(1'1,...,1'"> = (zU(l)a"'aza(n)>a
with o € S, and (21,...,z,) € X™. We denote by (z1,...,z,) € Sp” X the class

associated to the element (z1,...,2,) € X™ and by p,: X™ — Sp™ X the canonical
projection.

As first examples of symmetric products, recall that Sp™ S! is homotopy equiv-
alent to S, Sp™ S? diffeomorphic to CP™ and Sp™ RP? diffeomorphic to RP?", see
[21], [19] and [8] for more details and historical comments.

If the space X is pointed by *, the adding of  gives an inclusion of Sp™~* X in
Sp™ X. By definition, the infinite symmetric product Sp™ X is the direct limit of
the spaces Sp™ X. If X is connected, this infinite product is a product of Eilenberg-

McLane spaces, Sp™(X,*) ~ [[, K(H;(X;Z),i), see [7]. By convention, we set
Spl X = .

PROOF OF THEOREM 2. For any cdga (A4, d), and any integer n > 1, the sym-
metric group S, acts on the tensor product ®" (A, d) by permuting the factors,

(a1 ®@...®ap) = £(ae(1) ® ... @ Ag(n)),

where the sign comes from the ordinary rule of permutation of graded objects.
If (A,d) is a model of X, as a direct consequence of Proposition 1.2, the cdga
(®"(A,d))°" is a model of Sp™ X.

To make the structure of the cdga (®"(A,d))°" more precise, recall the exis-
tence of an isomorphism A"A = (2" A)S» defined by

ay N+ Nap+— Z :I:a,,(l)®~~®ag(n).
oESy

Denote by e the multiplicative law of A. The isomorphism above transforms the
product on (®"(A,d))S" to the following law of algebra on A" A,

(al/\"'/\an)*(bl/\"'/\bn) = Z i(al.ba(l))/\"'/\(an.ba(n))a
oceS,
with 5 (1A ... A1) as identity. O
Theorem 2 implies that the cohomology vector space of Sp"” X depends only on

the cohomology vector space of X and gives the Poincaré polynomial of a symmetric
product, a formula due to I.G. Macdonald.
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COROLLARY 2.2. [18] Denote by (b;)i>o0 the Betti numbers of a space X. Then
the Poincaré polynomial of the space Sp™ X is the coefficient of t™ in the power
series associated to:

(14 zt)Pr (1 + 23t)% . .. (T + p2iH1t)b2in
(L—t)bo(L —a2t)b2 (1 —att)ba ... J[_o(1 — a2it)b=
ProoF. This is a direct consequence of the well-known Poincaré polynomial of
the algebra Aa where a is a generator of odd or even degree. (|

Theorem 2 implies also immediately the following property.

COROLLARY 2.3. If X is formal, the symmetric product Sp"™* X is formal, for
any n > 1.

In the particular case of a suspension, the model of Theorem 2 can be expressed
in a simple manner.

COROLLARY 2.4. If X is a suspension having rational cohomology H, we have

an isomorphism of algebras : (NHY/ A" HT 0) — (A"H,0), defined by
1 ALA.. AT

Y1) =—(1A... A1) and Y(x) = z(il)' if x € HY. In particular, the
n! n—1)!

cdga (NHT/ A>™ HT,0) is a model of Sp”™ X.

PROOF. As H=Q&® H* with H" = &;>1 H, the algebra A"H is isomorphic,
as vector space, to AS"Ht = AHt/ A>™ HY. The product being null on H, the
law of algebra of the quotient AHY/ A”™ HT corresponds, by 1, to the product *
defined on A™H in Theorem 2 and the result follows. (I

In the case of a sphere SP, Corollary 2.4 gives (Aa/ A>™ a,0), with a of degree
p, as model of Sp™ SP. More precisely,

e if p=2k+1, Q®aQ is a model of S?**1 and we have Sp”" 52k +1 ~¢ §2k+1
for any n > 1;

e if p = 2k, we denote by P"S?* the rational space having (Aa/(a"*1),0)
as model, with a of degree 2k. (Observe that P"S? = CP".) For any
n > 1, we have Sp" S ~g P"S?f and P*S%* = K(Q, 2k).

The next result gives the precise rational homotopy type of the symmetric
product of a general suspension. To state it, we first define a filtration on a product
of filtered spaces, as follows. If the spaces X and Y are given with an increasing
filtration X =« c XM c ... c XUV c X =X, yO =5 cyYW c... C
Y(=1) c Y = Y*) | the product space is given with the filtration

X xY)D =[] X0 xy®)
i1 in=i
We endow the odd sphere with the trivial filtration, (S**1)(1) = §2+1 and the
space P"S?F with the filtration defined by: (P"5%)(" is the 2kl-skeleton of P"S%*.

PROPOSITION 2.5. Let X be a suspension of cohomology H = H*(X;Q). Let
(a1,...,0q;) be a basis of H° and (B1,...,B) be a basis of H®*". Then, the
commutative graded algebra (NHT/ A>™ HT,0) is a model of Sp™ X and we have

()
l k

Sp™(X) ~q | [] 8! = J] 5™
i=1 j=1
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Moreover a model of the projection py q: X™ x Sp? X — Sp™*9 X is the cdga’s map
On.q: (NHT/ AT HT 0) — (H®" @ (NHY/ A>™ HT),0), which sends x € HT
om(z®le.. . o)el+ +(19..0102)01+(10...01)®z.

For instance, Proposition 2.5 implies Sp™(S® V $%) ~g S3 x S5 for any n > 2,
Sp™(S3 Vv §° Vv ST) ~q (8% x 8° x §7) for any n > 3 and Sp*(S° v S® v S7) has
the rational homotopy type of the fat wedge of (S2,5° S7). Observe also that
Proposition 2.5 is coherent with results of Snaith and Ucci, see [23, Proposition
2.2] and of B. W. Ong on Sp"(VvS1), [21].

PROOF. The first part of the statement comes directly from Corollary 2.4. For
the second part, we start with the canonical surjection p, = pn0: X™ — Sp" X, of
model the canonical inclusion (H®")S» « H®". Now we replace (H®")5" by the
cga AHT/ A”™ HT as in Corollary 2.4. The sequence of isomorphisms

AH* ) A>D HY ———5 pon | —— (H®)Sn
zAIA..ONT
(n—1)!
Composed with these isomorphisms, the inclusion (H®")S» < H®" becomes
Ono: NHY/ NP HY - HO g, 0(z) =201®...014+ - +1®...Qx.

In the general case of the projection p, ,: X™ x Sp? X — Sp" T X, we have a
commutative diagram

is defined by =« rrR1IR.. Q1+ +1R...01Qx.

Xn+q _ Xn X Xq
pwa ll XPq
Sp e X 2t X % Spi X

which induces in cohomology the diagram

H®0+a) He" @ H®4
WnJrq,OT Tl(@‘ﬂqﬁ
ANH* ) A>T L H®" @ (NHt/ A>1 HT).

Since ¢n4q0 and pg o are injective, the morphism ¢, , is given on @ € H' by
Ong)=(1®..91)01+-- +(1®...01Q02)1+(1®...01)®z. O

EXAMPLE 2.6. We study now Sp?(CP?). Its vector space of cohomology is
/\2(1,61752> with |61| = 2 and |62| = 4. We denote a = 61 A 1, b = 52 A 1,
c=01L NP1, e=01NPBa, f=02AB2. The law of algebra is given by Theorem 2 as
follows, a’? = (ﬁlAl)*(ﬁl/\l) = (ﬁloﬁl)/\l—l—ﬁl/\ﬁl =P N1+ AP =b+ec.

We compute similarly the other products and get e = ab, ac = 2e, ae = b> = f,
c? = 2f and zero for the other ones. The algebra structure can be described by
H*(Sp*(CP?);Q) = {a,b,a?, a*,a*}Q, with a® = 3ab and b = a?b = a*/3.

The projection {a, b, a?,a®,a*}Q — bQ gives a map S* — Sp? CP? whose ratio-
nal homotopy cofiber is CP*; the associated long exact sequence of this cofibration
splits in short ones.

REMARK 2.7. If (A,d4) is a model of X, the canonical inclusion Sp™ ' X —
Sp™ X, obtained by adding a fixed point xg, has for model the cdga’s map, A"H —
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A"TYH, defined by a1 A --- Aap — Yo e(a;) ar Ao Aai—1 Adisr Ao A ap,
where £: A — Q is the augmentation corresponding to {zg} — X. In the case of

an odd sphere, the adding of zq is clearly a homotopy equivalence, Sp™S§2k+1 =
Spm+1 S2k+1.

3. Fat diagonal of the symmetric product

This section contains an inductive description of the fat diagonal of a symmetric
product and the determination of its rational homotopy type in the case of an odd
sphere.

DEFINITION 3.1. The fat diagonal, A X, of the symmetric space Sp™ X is
defined by

AN X = {{x1,...,2,) € Sp"(X) | there exist i € {1,...,n} and j € {1,...,n}
such that ¢ # j and z; = x;}.

The fat diagonal can be easily determined in low ranges, the maps X — A?g X,
x> (r,x), and X x X — A% X, (x,y) — (z,z,7), being homeomorphisms if X is
a finite CW-complex. For the study of the general case, we introduce the subspace
Ag’k X of Sp™ X, defined as the image of the product X* x X"~2* by the map

(1'15 e Ty Y1, Y2, -0 yn72k) = (:rlv'rlv'rQ; T2y s ThyThy Y1,Y2, - - 7yn72k)-
We clearly have Ag X = Ag’l X, A?f’k X ~ Sp* X and Aikﬂ’k X ~ X x SpF X.
These diagonal spaces can be constructed inductively as follows.

ProprosITION 3.2. We have a homotopy pushout
SpF X x AL X pk X x Spn2k X
| I
JINCLR (S

where g and [ are canonical inclusions, ¢ and i consist to double the first k coor-
dinates.

ProOOF. This square is clearly a pushout. As Ag_%X — Sp"* X is a
cofibration, it is also a homotopy pushout. ([

This inductive construction allows the determination of the fat diagonal in the
case of an odd sphere.

PROPOSITION 3.3. The symmetric fat diagonals of an odd-dimensional sphere,
S™, satisfy the next properties.

(1) The canonical inclusions
ATV ST C AFPTTISM - AT S C SpPT ST
are rational homotopy equivalences. This implies A?gm’k S" ~q S™ for all

(m, k) withm >k > 1.
(2) For anym >1 and 1 < k < m, one has

Aim-l—l,k gn ~g S7 % (*mkarlSn) ~ S % S(n+1)(m+17k)71.
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Moreover, the inclusion of A?gmﬂ’kﬂ S™ in A?gmﬂ’k S™ restricts to the
identity on S™.

(3) Let 2o be a point in S™. The map 0y, : A?gm*l’k S — A?gmﬂ’k“ S™,
obtained by adding (xo,x0), is a rational homotopy equivalence, for any
k,1<k<m-—1.

PrROOF. (1) We work by induction on m. For m = 1, the inclusion AZS™ ~

S™ — Sp2 ST is a rational homotopy equivalence. Suppose that the result is true
for q, ¢ < m, i.e. A" S" — Sp*”~? " is a rational homotopy equivalence for
any 7, 1 <4 < m. In the pushout,

Sp’ §™ x AG"TH S ——— Sp’ 5" x Sp* T gn
A?S.m,i-i-l gn A?gm,i gn

the top map is a rational homotopy equivalence. Thus, the bottom map is a rational
homotopy equivalence also. The composite of the canonical maps

Sp™ ST — AYTTST — ATV o AYT S — SpP ST

is the square map Sp™ S™ — Sp?™ S™. The commutativity of the diagram

(Sn)m Square (Sn)2m
pmJ/ lPZm
Sp™ gn — I gp2m gn

shows that the map induced in cohomology by the square map,

H*(square): H*(Sp*™ §™) = Ax — H*(Sp™S™) = Ax,
is the multiplication by 2 and the square map is a rational homotopy equivalence.
Therefore, the inclusion AZ™ S™ — Sp™ S™ is also a rational homotopy equivalence.

(2) As we observed before, the result is true for £ = m and we can begin with
k =m — 1. We consider the homotopy pushout

Sp™ 15 x A% 57— SpmTl §n % §pP SN

2 1 2 1,m—1
AS’WH- M gn( R AS"H‘ ,m Sn’

where g, is the square map on the factor Sp”™~! §™. With the notation of Propo-
sition 2.5, the map g2 can be expressed as a product of p,,—1,1 with the identity
map:

Sp™ThS™ x A% 8™~ (Sp™TTST) x S™ x ST — AFMTE™S™ ~ (Sp™ S™) x S™.
Therefore, a model of gs is given by po: (A(u,v),0) — (A(x,y, 2),0), w2 (u) = z+y,
pa2(v) = z, where z, y, z, u and v are of degree n. The previous question gives a
model of g1 as ¢1: (A(a,b),0) — (A(z,y,2),0), p1(a) =z, 1(b) =y + 2.

By making the change of generators, v’ = u+v, v  =v,a = a, b’ = a+ b,
=z, Y =rtytz, 2=z, weget pa(u) = ¢, pa(vf) = 25 pi(a’) = 2’ and



SYMMETRIC PRODUCTS AND SPACES OF FINITE SUBSETS 9

©1(b') =¢'. This implies that g1, ga: S™ X S™ x S™ — S§™ x S™ are respectively the
projection on the two first factors and on the two last factors.
Therefore the homotopy pushout A?Smﬂ’m_l S™ has the same rational homo-

topy type than S™ x (8™ % S™).

For a general k, 1 < k < m — 1, we use a descending induction. The result
is already proved for k = m — 1. For the induction, we consider the homotopy
pushout:

Spk Sn % A§m+172k Sn 91 \ Spk Sn % Sp2m+172k Sn

A?Sm—i-l,k—i-l gn A?gm-l-l,k qn.

As in the previous case, using the induction hypothesis, we show that this square
is rationally homotopic to a homotopy pushout

S x (8" x (xm—k=lgnyy —L s gn » gn

| |

ST % (*mfkfl Sn) N Aszrl,k Sn,

where g1 and g are the product of the identity map with a projection. Thus
the homotopy pushout A?gmﬂ’k S™ has the same rational homotopy type than
Sn % (*mkarlsn) ~ 9" % S(n+1)(m+1fk)fl.

(3) Statement (2) implies that the two spaces, AZ" "% % and A" gn
have the same rational homotopy type. We show that a rational homotopy equiv-
alence between them can be obtained by adding (xo,x¢) where xg is a point of
S™. We prove this result by a descending induction for k, starting from m — 1 and
ending to 1. For k = m — 1, we consider the commutative diagram

Aim—l,m—l gn 91 A?gm—i—l,m gn
T L
Spmlgn x gn —LZ Sp™ S™ x S™,

where g7 is obtained by adding (xo,z¢) and g2 by adding zo. The map g is a
rational homotopy equivalence (see Remark 2.7) so is also g;. For the inductive
step, we consider the next cube.

Spk ST x Aéﬂlv*lk‘*l sn Spk ST x Sp2m72,k71 s
- 2m—2,k—1 | g
Sphtl gn x AZM—2E=1 gn - Sph+l gn i gp2m—2,k—1 gn
2m—1,k+1 2m—1,k
AS sn J/ AS sn J/
\ 2m41,k42 \ 2m41,k41
A sm AY

By Proposition 3.2, the front and the back faces are homotopy pushouts. The
morphisms between these two squares are represented by oblique arrows in the
previous diagram. The oblique arrows on the top consist to add the point zg and
are rational homotopy equivalences. The oblique arrows on the bottom are the
adding of (zg, z¢). The result follows by induction. O
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4. Finite subsets spaces and Proof of Theorem 1

In this section, we present a generalization of a theorem of Handel concerning
the inclusion of a space Xin its n-th finite subsets space, exp™ X.

DEFINITION 4.1. Let X be a non-empty space. The n-th finite subsets space of
X is the space exp™ X of non-empty subsets of size at most n, topologised as the
quotient of X™ by the surjective map X" — exp" X, (21,...,&,) — {21} U--- U

If X is pointed, we denote by exp} X the subspace of exp™ X formed by the
subsets that contain the basepoint. The space exp” X is pointed by {x}.

The correspondence X — exp™ X is a homotopy functor. C. Tuffley and R.A.
Biro have determined its value on some spheres. For n > 2, we have:
e exp?t(S1) = exp*~1(S1) = S?k~1 [26, Theorem 4],
o oxp”(52%) ~g 5?7V §?n72 ) expl(S?) ~g S?"72,[29, Theorem 1],
o exp?itl(§2RHL) g GERHDHFi ayp2i+2(G2h+1) v GRRHD) 1)+
exp™(S%F) ~g S2kn v §26(=1) 11, Lemma 6.3.2. and Lemma 6.3.8.].

Let X be a CW-complex. The space exp™ X can be described as the following
pushout

42 AZX ——Sp" X

L

exp” ' X —— exp” X.

As the map A5 X — Sp™ X is the inclusion of a sub-CW-complex in a CW-
complex, this pushout is also a homotopy pushout. Observe that this pushout is
the key in the study of the finite subsets spaces of surfaces done by C. Tuffley in
[29, Lemma 4].

A homotopy cofibration is a sequence A—2 5 Xx—1 Y where j: X = Yis
the homotopy cofiber of g: A — X. In the sequel, we do not make any distinction
between a map and its homotopy class. The proof of Theorem 1 uses the two next
lemmas.

LEMMA 4.3. For any homotopy cofibration of pointed spaces, A*X%Y,
if the inclusion y: X — expl X is homotopically trivial, then the inclusion
L@“: Y — exp?tlY is also homotopically trivial.

PROOF. Any homotopy cofibration A2 x5y gives a coaction of XA on
Y, denoted by V: Y — Y V3 A and defined by pinching the cone CAinY ~ XUCA.
For any space T, and any couple of maps f: Y — T, u: A — T, we denote by
(f, 1) the composition of fV u: YVYA — TVT with the folding map TVT — T.

From two maps f and p, the coaction gives a map (f, 1) o V:Y — T denoted
by f#. This correspondence satisfies (cf. [15, Chapter 15]) :

(") = f" et f* = f,
where *: XA — T is the constant map on the basepoint and v is a map from YA
to T'. Moreover, one can construct a long exact sequence

Xg

IS ) N 3) e

AL x— Ty




SYMMETRIC PRODUCTS AND SPACES OF FINITE SUBSETS 11

where each pair of consecutive maps is a homotopy cofibration. Therefore, for any
space T', we get an exact sequence

(29)« O Jx g

[2X, T)=25 [0 A, T]-Z [y, T) =L [X, T]—Z [A, 7.

When the maps are homomorphisms of groups, the word ezxact means the usual
definition. Between pointed sets, it means that the image of the first application
coincides with the preimage of the basepoint by the second one. P. Hilton studies
the properties of this exact sequence in [15] and proves in particular:

(1) if f and h are elements of [V, T] such that j.(f) = j«(h), then there exists
w: XA — T such that h = f#, cf. [15, 15.5],
(2) the map 0, satisfies 0, (u) = ##, thus (0.(u))” = d«(pu+v), cf. [15, Proof
of 15.3],
(3) Oi(p) = 0i(v) if, and only if, 9. (u — v) = *, cf. [15, Proof of 15.6].
We begin now with the proof of the lemma. The commutativity of the next diagram
in full lines

X L—X> expl? X

jJ lexpf J

Y —— expl Yo expitlY

A
implies the existence of a map k: ¥ A — exp} Y such that (3 = ko0d. If we compose

(% with the inclusion ¢: exp? Y < exp?*' Y, we have L’{,H =101y =to0kod =

O« (1 0 k). Consider now the commutative diagram:

Y vsA —YY Ly vexpry

o | ™

3 3 n s n+1
Y idy x0 Y x4 idy xk Y oxexply P XD Y,

where ¢(y,T') = {y} UT and ¢’ is the restriction of ¢. Using the previous deter-
mination of ¢ oy, we see that the composition of the maps located on the bottom
line is ¢ 0 1} = O (v 0 k). We have also

W o (idy VE) oV = (1o, 10k) 0V = (o) = (0,0 k)™ = 0.2 0 k).

Therefore, we get d.(10 k) = D.(2(10k)) and Ox(t 0 k) = #. Thus (& = 1043 =
0.(1 0 k) = * as required. O

LEMMA 4.4. For any space X, the inclusion ©X — exp2 XX is homotopically
trivial.

PROOF. Let x be the basepoint of S*. Theorem 4.1 of Handel ([14]) implies
that the inclusion exp? S =2 S! — exp? S! induces the zero map between the
homotopy groups. Therefore there exists a map

G: 5" x [0,1] = exp? S, G(v, 5) = {G1 (v, 5), G (v, 5), Ga(v, )}
such that
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e G(x,s) = {x}, pour tout s € [0,1],

e G(v,0) = {v}, pour tout v € S,

e G(v,1) = {*}, pour tout v € S*.
We can now define a homotopy H between the inclusion of ©X = S'AX in exp? X
and the constant map by

H((v,z),8) = {G1(v,s) Ax, Ga(v, 8) Az, Gg(v,s) Az}, for ve St z € X, s €[0,1].
(I

Recall now that the LS-category of a space X is the least integer n such that
X can be covered by (n + 1) open sets contractible in X. For CW-complexes,
an equivalent definition is given using Ganea fibrations ¢, : G, (X) — X, of fiber
in: Fo(X) — Gn(X), defined as follows: qq is the path space fibration and ¢,4+1
is the fibration associated to the extension G, (X)U;, CF,(X) — X of g, sending
the cone C'F,,(X) on the basepoint. In [12], Ganea proved that cat(X) < n if, and
only if, ¢, admits a section. For other equivalent definitions and basic properties
of the Lusternik-Schnirelmann category (LS-category), we send the reader to [6].

PROOF OF THEOREM 1.

(1) First, we check that the inclusion G,,(X) — exp?*?G,(X) is homo-
topically trivial. This is true for n = 1 grants to Lemma 4.4 because
G1(X) = ¥Q2X. Suppose now that the result is true for G, (X). As
Gp+1(X) is the cofibre of a map with values in G,,(X), the result comes
directly from Lemma 4.3.

Suppose now cat(X) =n and let r: X — G,(X) be a section of g,.
The commutativity of the next diagram implies the homotopy triviality
of the inclusion of X in exp?*? X:

L

X - expt? X

| Jonz

G (X exp*2 G (X)

(2) For a space of LS-category n, the diagonal map A: X — X" *! factorizes
through the fat wedge. Thus the inclusion of X in exp™*? X factorizes
through exp”*2? X and the result follows from (1).

*

(3) Let t"%: X — exp”*2 X be the inclusion. The inclusion expF*t X —
exp" TR X factorizes as

expl T (5"?)

expftl X exph T (expnt? X)L)exp]:(wrl”l X

)

where the map 1) is the union. The triviality of L}H implies the result.

O

5. Rational homotopy of n-th finite subsets spaces for n = 3

The space exp? X being homeomorphic to Sp? X, the first interesting case is
3
exp”® X.
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PROPOSITION 5.1. Let X be a finite CW-complex. The finite subsets space
having at most 3 elements, exp® X, is the homotopy pushout

XxX—2 —sp3x

| |

SpP X ———— v exp’ X,

where g(z,y) = (z,2,y).
PROOF. We already know that exp?(X) is the homotopy pushout

AR(X) —————— Spd X

l l

SpP X ——exp® X.

The result comes now from the homeomorphism X x X i)A% X, induced by
XXX ->XxXxX, (z,y) — (z,2,y). O

If V is a graded vector space, we denote by sV the suspension of V' defined by
(sV)r =VvnL,

PRrROPOSITION 5.2. If XX is an r-connected suspension of cohomology H =
H*(XX;Q), the space exp> XX is a (2r + 1)-connected suspension. Its rational
cohomology is given by

HY(exp? ¥ X;Q) = A*HT @ A°HT @ sSym?(H™T),
where Sym?(H™) is the symmetric power of H.

PRrROOF. From Proposition 5.1 and classical constructions in rational homotopy
theory, a model of exp? X is given by the kernel of a surjective map ¢ = fi+5, where
7 and p are respective models of g and ps. Since the map g is the composition

X x BX—2 9% x BX x DX 2583 nX,

a model of g is given by 7i: (AHT/ A>3 HT,0) — (H® H,0), fi(a) =2a®1+1®a
for a € H*. A model of py: X x ©X — Sp*(XX) has already be made explicit;
we modify it in a surjective map 7 as follows:

i (A, D) = (Sym®(H*) ® sSym*(H") ® A’H, D) — (H @ H,0),

7i is the inclusion on Sym?(H*) & A2H and zero on sSym?(H*). The differential
D is given by D(w) = sw for w € Sym?(H ™) and zero on sSym?(Ht) ® A2H. The
map ¢ = i+ p is clearly surjective. If we write an element of A® (AH*/ A>3 HT)
as a couple (a,b), the kernel of ¢ is the vector space

(sSym?(H'),0)® (0, \*H') @ {(z,0) —2(0,z) |z € N*H"}.

The product and the differential being null, the space exp® ©X is a rational sus-
pension. All the elements in this kernel having a degree greater than or equal to
27 + 2, the space exp® XX is rationally (2r + 1)-connected. O
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6. Rational homotopy of n-th finite subsets spaces for n =4

PROPOSITION 6.1. Let X be a finite CW-complex. The finite subsets space
having at most 4 elements is the homotopy pushout

X x Sp2 X —2— Spt X

[

Sp? X —— exp? X,
where gll(za <:L'1,:C2>) = <ZL',:L'1,SC2> and 9/2(557 <SC1,:L'2>) = <£L',:L',I1,SC2>.

PRrROOF. Consider the next diagram, where the map A4S(X ) — exp® X is in-
duced by X x Sp*> X — Sp® X, (z, (x1, x2)) — (x, 21, 22).

Xx X — X xSp? X —— Sp* X

N

Sp*(X) —5— AG(X) —rexp? X

L]

Sp? X ——exp? X

The bottom square is a homotopy pushout by definition of exp* X. The top rec-
tangle is a homotopy pushout by Proposition 5.1 and the top left square also by
Proposition 3.2. Then the top right square and the square of the statement are
homotopy pushouts from classical manipulations with homotopy pushouts. (I

PROPOSITION 6.2. If XX is an r-connected suspension of cohomology H =
H*(XX;Q), the space exp* XX is a (2r + 1)-connected suspension.

PROOF. A model for the map g5: X x Sp?(£X) — Sp*(£X) is the morphism
m: (AHT /) AZHHT0) — (H® A?H,0), i(a) =2a® 1+ 1®a.

We choose an ordered basis of HT and denote by W the subvector space of
H ® A?H generated by the elements a ® b, with a < b, the elements a ® a, with a of
odd degree, the elements a ® be with a < b or a < ¢ and the elements a ® ac with
a of odd degree. We then form a surjective cdga model p of ¢} as follows:

p: (A, D)= (N*H oW @dW,D) — (H ® A’H,0),
with all the products on A null except (a®b)-¢ = (a®bc), and d(a®b)-c = d(a®bc)
fora@be W, ce Ht and a®bc € W. The differential D is defined by D(w) = dw

if w € W and zero otherwise. The map p is the injection on W and is zero on dW.
Moreover p(a) =a®1+1®a for a € H'. As the sum

o= ((p+n): (A D)® (A*H,0) — (H ® A’H,0)
is a surjective map, its kernel is a model for exp*>~X. This kernel is the sum
(dW,0)® (0, N*HT)®{2(z,0)—(0,2),2 € A>H*}. The product and the differential
being trivial on this kernel, the space exp* XX is a suspension. All the elements in

this kernel having a degree greater than or equal to 2r + 2, the space exp* L.X is
rationally (2r 4+ 1)-connected. O
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